The functions v * + h n are l.s.c. and uniformly bounded. Given k ∈ , let F k := conv{h n : n ∈ , n ≥ k}.
For the moment, fix k ∈ and let µ = 0 be a measure on U . By Lebesgue's dominated convergence theorem, (1) implies that
Therefore there exists u k ∈ F k such that v * + u k > 0 on U (2) (see [2] or [1, I.1.9]). Obviously,
Next let w := g + f 0 + 1 2 f 1 .
Then w * = g * + f 0 + 1 2
f 1 and therefore
Arguing as before we obtain a (finite) convex combination h of the functions u k such that w * − h > 0 on U .
Of course, (2) implies that v * + h > 0 on U as well. In particular, −v < h < w on U , i. e.,
Taking f 1 = 0 we immediately obtain the following result:
Proposition 3. Let ϕ ∈ C(∂U ) and f 0 a strictly positive continuous function on U such that osc(H U ϕ) < f 0 on ∂U . Then there exists a function h ∈ H(U ) such that
Remark 4. Given ϕ and f 0 such that osc(H U ϕ) < f 0 , it is of course possible to choose α < 1 such that osc(H U ϕ) < αf 0 and consequently |h − H U ϕ| < αf 0 on U . However, it may be impossible to replace f 0 in (5) by some αf 0 with a constant α < 1 which does not depend on the choice of ϕ, f 0 . We shall construct a bounded domain U in d , d ≥ 3, having the following property: For every 0 < α < 1, there exists a function ϕ ∈ C(∂U ) such that, for every sufficiently small continuous function f 0 on U with osc(H U ϕ) < f 0 , there is no function h ∈ H(U ) satisfying |h − H U ϕ| < αf 0 . Indeed, let
Define e 1 := (1, 0, . . . , 0), e d := (0, . . . , 0, 1) and, for every n ∈ ∪ {0},
Clearly the balls B n , n ≥ 0, are disjoint. Because of the regularity of the half-balls P ∩ B n , there exist α n > 0 such that z n := x n + α n e 1 ∈ P ∩ B n and ε
Since line segments are polar, there exist strictly increasing continuous functions
, n ∈ , such that s n (α n ) = 0 and the compact sets
By our construction, the sets L n , n ∈ , are disjoint. Let T denote reflection at S, i. e., T (y 1 , y 2 , . . . , y d ) = (−y 1 , y 2 , . . . , y d ) for y = (y 1 , . . . , y d ) ∈ d , and define
The set U is a simply connected domain such that all points z ∈ ∂U \ Z are regular. From now on we fix n ∈ . We choose ϕ ∈ C(∂U ) such that 0
In particular, osc(H U ϕ) ≤ 1 , since all points in S ∩ ∂U are regular.
To prove that U has the desired property it therefore suffices to show that there is no function h ∈ H(U ) such that
Suppose on the contrary that such a function h exists. Thenh :
whence |h − H U ϕ| ≤ 1 − 1/n as well. So we may assume that h • T = −h. In particular, h = 0 on S ∩ U and of course |h| ≤ |H U ϕ| + 1 ≤ 2. Therefore
where the last inequality follows from (6) and (7) (for the second inequality see [1, Proposition VI.9.3]). Thus |h(z n )| < 1/n. On the other hand, lim sup x→zn H U ϕ(x) = 1. Indeed, there is a sequence (y m ) of regular points in ∂U converging to z n , and taking x m ∈ U such that x m −y m < 1/m and |H U ϕ(x m ) − ϕ(y m )| < 1/m we have lim m→∞ x m = z n and lim m→∞ H U ϕ(x m ) = lim m→∞ ϕ(y m ) = 1. Since h(z n ) = lim x∈U,x→zn h(x), we finally conclude that lim sup
Corollary 5 (cf. [3] ). For every ϕ ∈ C(∂U ) there exists a sequence (h n ) in H(U ) which converges locally uniformly to H U ϕ on U .
Finally, let us combine Lemma 1 and Lemma 2:
Theorem 6. Let g ∈ H b (U ) and h 0 ∈ H(U ) such that osc(g) < h 0 . Then, for every f ∈ C + (U ) such that f ≥ h 0 on ∂U , there exists a function h ∈ H(U ) satisfying
Proof. There exists ε > 0 such that osc(g) < (1 − 2ε)h 0 . By Lemma 1, there exists ϕ ∈ C(∂U ) such that
Taking f 1 := (1 − 2ε)h 0 and f 0 := f + εh 0 we have
f 1 on U and osc(g) < f 0 on U (recall that osc(g) = 0 on U ). So by Lemma 2, there exists h ∈ H(U ) such that |g − h| < f 0 + 1 2
Remark 7. Again the result is sharp: Let us look once more at the set U constructed in Remark 4. Fix n ∈ . Using the same notation as before we define a function g on U by
We next show that osc(g) < 1 + 1/(4n). Indeed, obviously osc(g) = 1 on S ∩ B n . Furthermore, by definition of g and the minimum principle, we obtain that, for every
where lim x∈U,x→zn
By symmetry, osc(g)(T z n ) < 1 + 1/(4n) as well. Finally consider m ∈ , m = n. By minimum principle, for every
where
Take f := h 0 := 1 + 1/(4n). To prove the sharpness of our result it suffices to show that there is no function h ∈ H(U ) such that
Indeed, suppose that we have such a function h. As in Remark 4 we may assume that h • T = −h, h = 0 on S ∩ U so that now |h| ≤ 3/2 + 3/2 = 3, |h(z n )| < 3/(2n). Moreover,
Consequently,
proving our claim.
, f ∈ C(U ), and h 0 ∈ H(U ) strictly positive such that |g + f | ≤ h 0 on U . Then, for every δ > 0, there existg ∈ H b (U ),f ∈ C(U ) such thatg +f = g + f and |g| < (3 + δ)h 0 .
Proof. Since f ∈ C(U ) and
By Theorem 6, there exists h ∈ H(U ) such that
Proof. Let g n ∈ H b (U ), f n ∈ C(U )| U such that the sequence (g n + f n ) converges uniformly. In order to show that the limit belongs to H b (U ) + C(U )| U we may assume that g 1 + f 1 = 0 and that (taking a subsequence)
Fix h 0 ∈ H(U ) such that h 0 ≥ 1. By Proposition 8, there existg n ∈ H b (U ) and f n ∈ C(U )| U such that g n +f n = (g n+1 − g n ) + (f n+1 − f n ) and |g n | < 4 · 2 −n h 0 for every n ∈ . Then of course |f n | ≤ |g n +f n | + |g n | ≤ 5 · 2 −n h 0 . Define
Then g ∈ H b (U ), f ∈ C(U )| U and
(g m +f m ) = g + f.
Remark 10. For the case of a regular set U , the result of Corollary 9 is mentioned in [4] .
